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WHEN CANTOR SETS INTERSECT THICKLY

BRIAN R. HUNT, ITTAI KAN, AND JAMES A. YORKE

ABSTRACT. The thickness of a Cantor set on the real line is a measurement of its
“size”. Thickness conditions have been used to guarantee that the intersection
of two Cantor sets is nonempty. We present sharp conditions on the thicknesses
of two Cantor sets which imply that their intersection contains a Cantor set of
positive thickness.

1. INTRODUCTION

Newhouse defined [5] a nonnegative quantity called the “thickness” of a Can-
tor set in order to formulate conditions which will guarantee that two Cantor
sets intersect. (All Cantor sets considered in this paper lie in R!'.) These con-
ditions have been used [5, 6, 7, 8, 9] in the study of two-dimensional dynamical
systems to deduce the existence of tangencies between stable and unstable man-
ifolds whose one-dimensional cross sections are Cantor sets.

Thickness may be thought of as a measure of how large a Cantor set is relative
to the intervals in its complement. Henceforth, these intervals will be referred
to as gaps; the two unbounded intervals in the complement are each included in
our use of the term gap. Newhouse’s result [5, 7, 8] is that two Cantor sets must
intersect if the product of their thicknesses is at least one, and neither set lies in
a gap of the other. When this latter condition is satisfied, the sets are said to be
interleaved. In [10], Williams observed the surprising fact that two interleaved
Cantor sets can have thicknesses well above one and still only intersect in a single
point. One might hope that under sufficiently strong thickness conditions, the
intersection would be a Cantor set. However, the intersection of two arbitrarily
thick interleaved Cantor sets can contain isolated points, so Williams posed
the question of what conditions on the thicknesses of two interleaved Cantor
sets will guarantee that their intersection contains another Cantor set. Williams
obtained such a condition, though it is not sharp. In this paper we obtain the
sharp condition. More precisely, we find a curve in (7, 7;)-space such that
if the ordered pair (7, 7;) of thicknesses of two interleaved Cantor sets lies
above the curve, their intersection contains a Cantor set, but if the pair of
thicknesses lies below the curve, there exist examples for which the intersection
is a single point. Kraft [2] has independently arrived at this condition. We
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FiGure 1. Constructing a Cantor set
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FIGURE 2. Nonintersecting interleaved sets

further show that if the thickness pair lies above the curve, the intersection
must contain a Cantor set of positive thickness. This is the only result that
addresses in terms of thickness how large the intersection of two Cantor sets
must be. There are well-known probabilistic results concerning the Hausdorff
dimensions of intersections of Cantor sets (cf. [1, 3, 4]).

One may think of a Cantor set as being constructed by starting with a closed
interval and successively removing open gaps in order of decreasing length.
Williams’ formulation of the thickness of a Cantor set may then be thought of
as follows. Each gap G, is removed from a closed interval I, , leaving behind
closed intervals L, , the left piece of I, — G,, and R, on the right (see Figure
1). Let p, be the ratio of the length of the smaller of L, and R, to the length
of G, . The thickness of the set is the infimum of p, over all n.

We consider as an example the “middle-third” Cantor set, constructed as
follows. Start with the closed interval [0, 1], and remove the open interval
(1/3, 2/3), the middle third of the original interval. Then from each of the two
remaining intervals, remove their middle thirds; repeat this process infinitely
often. Each gap G, is the same length as the adjacent intervals L, and R,,
so p, =1 for all n. Thus the thickness of the middle-third Cantor set is one.

There is a connection between the thickness of a Cantor set and its fractal
dimension, which depends in part on how the ratios p, are distributed as
n — oo. However, two large gaps close together make the thickness of a set
very small, while its dimension can still be large. It was shown in [7] that the
Hausdorff dimension of a Cantor set with thickness 7 is bounded below by
log2/log(2 + 1/7). This lower bound is sharp for the middle-third Cantor set
(whose dimension is log2/log3).

We offer here a new formulation of the definition of thickness which we state
for all compact sets, not just Cantor sets. (The results in this and previous papers
are found to be valid for all compact sets.) We define nondegenerate intervals
to have infinite thickness, while singletons are defined to have thickness zero.
In fact, any set containing an isolated point will be seen to have thickness zero.
To define the thickness of a compact set S which is not an interval, we consider
a type of subset of S obtained by intersecting S with a closed interval. We
call such an intersection P a chunk of S if P is a proper subset of S and
has a positive distance from S — P, the complement of P in S. (Notice that
for P to be a chunk both P and S — P must be closed and nonempty.) We
then define the thickness of S to be the infimum over all chunks P of the
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ratio between the diameter of P and the distance from P to S — P. In the
case of the middle-third Cantor set, the given ratio can be shown to be smallest
when the chunk P is obtained by intersecting S with an interval L, or R,,
in which case the ratio is one. In §2 we will show that our new definition is
equivalent to the old one for all Cantor sets.

The reason thickness is an appropriate quantity for determining when one
can guarantee that two compact sets intersect is illustrated by considering an
example where each of the two sets is an union of two disjoint intervals. For
i=1,2 let S; consist of closed intervals of lengths a; and b; with a; < b;,
separated by a distance ¢;. Then each S; has only two chunks, and is found
to have thicknesses a;/c;. If the product of the thickness aja,/c)c; is at least
one, then either a; > ¢, or a; > ¢; (or both); assume a; > ¢,. Then since
by > ay , neither interval of S; can lie in the gap of S5 ; hence if the two sets are
interleaved, they must intersect. If on the other hand a;a;/c;c; < 1, then with
an affine map, we can scale the sets so that a; < ¢; and a, < ¢;, and position
them so that the component of S; with length a, lies inside the gap of S,
and vice versa. The two sets are then interleaved, but they do not intersect (see
Figure 2). This example could of course be made to involve Cantor sets by
constructing very thick Cantor sets in each interval of each S;.

An important point which is apparent in the above example is that the union
of two sets can have a smaller thickness than either of the original sets. In other
words, adding points to a set can decrease its thickness. By the same token,
one may be able to increase the thickness of a set by removing appropriate
subsets. This observation is useful in the following way. No matter how thick
two interleaved compact sets are, their intersection may have thickness zero
because it may contain isolated points, or arbitrarily small chunks which are
relatively isolated from the rest of the intersection. Nonetheless we are able to
show that if the original sets are thick enough, then by throwing out the relatively
isolated parts of their intersection we can obtain a set of positive thickness in
the intersection.

To define the set C of thickness pairs (7, 7;) for which a Cantor set of
intersection can be guaranteed, we make use of the functions

2 2
f(r)zt"'j—;"'l, g(t)=@.
Let C be the set of pairs (7;, ;) for which one of the following sets of con-
ditions holds:

(L.1) 11217, T1>f(12), and 1> g(1))
or
(1.2) 217, T2>f(t), and 1> g(12)

(see Figure 3). Our main result is as follows.

Theorem 1. There is a function ¢(1,, T2) which is positive in region C such that
Jor all interleaved compact sets Sy, S, C R with ©(S) > t; and ©(S;) > 12,
there is a set S C S| NS, with thickness at least ¢(1,, 12).

Notice that a compact set with positive thickness can have no isolated points,
and thus must either be a Cantor set or contain an interval; either way it contains
a Cantor set.
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FIGURE 3. The intersection of two interleaved com-
pact sets with thicknesses 7; and 7, can be empty for
(11, 72) in region A4, must be nonempty but can be
a single point in region B, and must contain a set of
positive thickness in region C.

We remark that (7;, 7,) isin C if both thicknesses are greater than v2+1.
This is the critical value Williams found for the case of interleaved Cantor sets
with the same thickness. Also, no matter how small one thickness is, the other
thickness can be chosen large enough so that the pair lies in C . Our results and
the results of Newhouse are summarized in Figure 3.

In §2 we give a proof of Newhouse’s result, which will illustrate some of
the methods to be used later. Then we present for all pairs (7;, 72) not in
C an example of interleaved compact sets with thicknesses 7; and 7, whose
intersection is a single point (except when (7;, 72) is on the boundary of C,
in which case our example gives a countable intersection). This example shows
that Theorem 1 is sharp in that its conclusion cannot hold for any larger set
of thickness pairs (7, 72). In §3 we prove Theorem 1, and in §4 we discuss
some further properties of S; NS,. The positive thickness set S € S| NS,
constructed in §3 need not be dense in S; N S, ; however we find that there
are subsets with thickness at least ¢(7;, 7;) arbitrarily near any accumulation
point of S; N S,. In addition, we find bounds on the diameter of S which
allow us to obtain thickness conditions that imply that the intersection of three
Cantor sets is nonempty.

2. PRELIMINARIES

Let us define precisely the concepts and notation we will use.

Definition 1. We say two sets S;, S, C R are'interleaved if each set intersects
the interior of the convex hull of the other set (that is, neither set is contained
in the closure of a gap of the other set).
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FiGURE 4. Chunks and gaps of a Cantor set (k < n)

We define the distance between two nonempty sets S;, S, to be
d(S,, S;) = inf{|x —y||x €S,y €S},

and write S,—.S; for the intersection of S, with the complement of S;. We say
that a set S| is a chunk of a set S, , and write S| « S, , if S; is the intersection
of a closed interval with S, , is a proper subset of S,, and d(S;, S, —S;)>0.
Notice that a closed set S has a chunk if and only if it is not connected. We
denote the diameter of a set S (the length of its convex hull) by |S].

Definition 2. Given a compact set S C R, we define the thickness of S to be

— |P|

provided S has a chunk. Otherwise, we let 7(S) = 0 if .S is empty or consists
of a single point, and 7(S) = oo if S is an interval with positive length.

The following simple proposition demonstrates that Definition 2 agrees with
Williams® definition of thickness for Cantor sets [10].

Proposition 2. Let S be a Cantor set, and define the ratios p, as in the intro-
duction. Then the quantity ©(S) given by (2.1) is equal to the infimum of p,
overall n.

Proof. The intervals L, and R, defined in the introduction are the convex
hulls of chunks 4, =L,NS and B, =R,NS of S. Since the gap G, is not
larger than any previously removed gap Gy, k < n, it follows that

d(An, S — An) = d(Bn, S — By) = |Gyl
(see Figure 4). Thus for all n,

. |Ln| |Rn|) - ( |An| | Bn| )
= — ) = > .
Pn mln(|G,,|’|G,,| min | 7 S—4,)° 4B, 5-B)) = *®

Next, if P is a chunk of S, it must be bordered on each side by a gap of
S; let G, be the smaller of these two gaps. Then |G,| = d(P,S — P) and
|P| > min(|L,|, |Ry|) . Therefore

. |P| .
8=k am s —py 2 He

which completes the proof. 0O

We now prove Newhouse’s result in a way that will motivate our later exam-
ples and methods.
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FiGURE 5. The points x, and chunks P,

Proposition 3. If S| and S, are interleaved compact sets with ©(S;)-7(S;) > 1,
then S| NS, is not empty.

Proof. Let S; and S, be as above, and let

Xo = max (infx, infx) ,
XES, X€ES,

the greater of the leftmost points of S; and ;. Assume without loss of gen-
erality that xp € S,. We will show that S; NS, is nonempty by looking for
the leftmost point of this set. Let x; be the leftmost point of S; which is at
least as great as xp. Since S; and S, are interleaved, x; must exist (other-
wise S; would lie entirely to the left of S, ; see Figure 5). Next, let x, be the
leftmost point of S, greater than or equal to x;. Once again the interleaving
assumption implies that x, exists, for otherwise S, would lie inside a gap of
S . We similarly define x3, x4, ...; if each of these points can be shown to
exist, we claim to be done. Then {x,} will be a nondecreasing sequence which
is bounded above (since S; and S, are bounded), so it approaches a limit.
This limit must belong to both S; and S, since these sets are closed and the
odd numbered terms of {x,} belong to S;, the even ones to S, .

If at any step x, exists and equals x,_;, then Xx,.i, Xy12,... will also
equal x,_,, and we will have found a point in S; N.S, . Henceforth we assume
Xo < X1 < --- as long as they are defined. We know at least that xp, x;, and
X, exist, so there is a chunk Py of S, which lies in [xp, X;), whose diameter
is thus less than x; — X, and whose distance from the rest of S, is greater than
X3 — x; (see again Figure 5). Then

X1 — Xo | Pol
xy—x1  d(Py, S2— P)

Let P; be the largest chunk of S| which lies in [x;, x3). If x3 did not exist,
in other words if all points in S| were less than x;, then S| — P; would lie
to the left of P,, and the distance between these sets would be greater than
X1 — Xo . But then using (2.2) and 7(S;) - 7(S7) > 1 we would have

(2.2) > 7(82).

Ll P bl 1
d(P] S1—=P)  xp—xp 7(S2)

contradicting the definition of the thickness of S;. Thus Xx; exists, and simi-
larly to (2.2) we obtain

< (81,

X — X | Py

(2.3) > 7(81).

>
x3—x2 d(P,S - P)

Likewise (2.3) can be used to show the existence of x,, and so forth. The proof
is completed by induction. O
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One could similarly find the rightmost point in S; N S,, but as Williams
observed it may coincide with the leftmost point, even if both thicknesses are
significantly greater than 1. We next present an example which will give a single
point of intersection for thickness pairs (7;, T;) not in the closure of region
C, and a countable intersection for (7, 7;) on the boundary of C. In our
example both sets are countable unions of closed intervals, but they could be
replaced by Cantor sets with the same thicknesses by constructing a very thick
Cantor set in each of the closed intervals.

Let 7 be a positive constant, and define the intervals

Ao=[t2+31+1,2t+1)?], By=[1?, 12 +3t+1],

T\  \"
A"‘('21+1) Ao, B"‘('21+1) Bo,

where multiplication of a set by a scalar means the set obtained by multiplying
each element of the original set by the given scalar. Let

S; = (U A,,) u{0}, S= (U B,,) u{0}.
n=0 n=0
Notice that B, is the closure of the interval between A4, and A4,,, forall n,
and A, is the closure of the interval between B,_, and B, for n > 2. Thus
S1 NS, is countable, containing only the point 0 and endpoints of the intervals
A, and B,. Furthermore, the intersection could by reduced to only the point 0
by shrinking the intervals which make up one of the sets by a factor arbitrarily
close to one.
Let us compute the thicknesses of the sets S; and S, . Observe that

n
T
IAnI = d(Bn—2> Bn) = (m) ‘C(3’t+ l),

|Bal = d(An, Ans2) = (ZT+ 1) Bril),

The intervals A, are ordered from left to right A, A3, As, ..., A4, A2, Ay,
so any chunk P of §; which does not contain 0 must be a finite union of
consecutive even or odd numbered A,. Let A, be the interval in P with the
largest index; then

d(P; Sl - P) - d(An, An+2)
with equality holding when P = A4, . On the other hand, if a chunk P of S

contains zero, let n be the larger index of the leftmost and rightmost A4; in
P. Then P must contain 4,_;, and since P isnotallof S;, n>2, so

Pl AnUdesil _ (5/Qr+ 1)1 Ge+ D2e+ ) _
d(P,S1—P) = d(Ay, An2)  (t/Qt+ 1)) 2(Bt+1)

Therefore the thickness of S| is 7.
Similarly, if P is a chunk of S, , then for an appropriately chosen B, , either

|P| |Bal  _ (2r+1)*

=‘[,

AP.5—P) > dB, Brry) = @ 50




876 B. R. HUNT, ITTAI KAN, AND J. A. YORKE

or
|P| S |Bn U By
d(P, S~ P) = d(By, By-2)
_(t/Qr+ D)) (Br+ 1)/t + 1)) (12 + 31+ 1)
/2t ))"2t(37 + 1)
2
_T +32‘t+1 - f(0)
Thus

7(S2) = min(f (1), g(7)).

As we pointed out before, by reducing the thickness of S, by an arbitrarily
small amount we can shrink the intersection of S; and S, to a single point.
Let 1, denote the thickness of the set S;, and let 7, be the thickness of S;.
Then up to a change of indices, the above construction demonstrates that a
single point of intersection can be obtained when either

(2.4) 71 <min(f(2), &(12))
or
(2.5) T, <min(f(71), &(11)).

Also, if either (2.4) or (2.5) is an equality instead, the intersection can be count-
able. (Kraft [2] has analyzed this borderline case and determined when the inter-
section can be finite.) Therefore we can only hope to guarantee an uncountable
intersection if

(2.6) 71 > min(f(2), &(12))
and
(2.7) 72 > min(f(11), &(11)).

One may check that g(t) > f(1) >v2+1 for t<v2+1 and g(7) < f(1) <
V2+1 for > V2+ 1. Therefore (2.6) and (2.7) are equivalent to (1.1) in the
case T; > 73, and to (1.2) when 7, > 1.

3. PROOF OF MAIN RESULT

We now prove Theorem 1 by constructing a set S with positive thickness in
NEARYR

Proof of Theorem 1. Let S| and S, be interleaved compact sets with 7(S;) > 1}
and 7(S;) > 1, for some (7, 7;) in region C of Figure 3. Let the gaps of
S; be Iy, I, I, ..., with Iy and I; unbounded, I, to the left of I;, and
|I]| > |I3] > --- . For S, we define Jy, Ji, J2, ... similarly. We refer to the
intervals I, and J, collectively as the “original gaps”. Our goal is to construct
the complement of S as a union of disjoint open intervals Ky, K;, K, ...
with Ky, and K; unbounded, and with every original gap contained in some
K,, (whence S C S;NS;). To get a lower bound on the thickness of S,
observe that every chunk P of S is bordered on each side by a gap of S, with
at least one of the bordering gaps being bounded. Pick a chunk P, and say P
is bordered by K,, and K, with m >n and m > 2. Then

1P| d(Km, Kn)  d(Km, Kn)

d(P,S—-P) min(|Kn|, |[Kn|) =  |Kml
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FIGURE 6. Cases in the construction of I, and J,

The theorem will therefore be proved when we show for some ¢(7;, 73) > 0
that whenever m >n and m > 2,

d(Knm, Kp)

(3.1) Ko

Z (0(11 ) 12) .

We begin by finding a pair of original gaps I. and J. between which S will
lie; that is, I, and J, will be contained in Ky and K,. The properties we
desire of I, and J, are that they are a positive distance apart, that all gaps of
S| with an endpoint between the closures of I, and J, are bounded and no
larger than I, , and likewise (in comparison to J,) for gaps of S, between I,
and J,. We will show later that once I, and J, have been determined, the
diameter of S can be bounded below by a constant depending on 7; and 71,
times the distance between I, and J,.

Assume without loss of generality that Jy C Iy. If I; ¢ J; (Case 1 of Figure
6), then I, = I, and J, = J; have the above properties; they must be separated
by a positive distance since S; and S, are interleaved. If J; C I} (Case 2 of
Figure 6), let J, be the largest gap of S, with an endpoint between I and I;,
and let I, be whichever of I, and I is farthest from J,. At least one of I
and I; must be a positive distance from J, since S; and S, are interleaved.

Next, let ¢ be a positive constant whose precise value will be chosen later; for
now we assume that ¢ < (7,7, —1)/(71+12+2) < min(7;, 72) . Assume without
loss of generality that I, lies to the left of J,. We begin constructing K, by
requiring that it contain I,. We then require that Kj contain the rightmost
bounded J, with d(I., J,) < t|J,| (we will verify that there is a rightmost
gap satisfying this condition when we later examine our construction in more
detail). If there does not exist such a J, that is not already contained in I,
we stop the construction and let Ky = I, . Otherwise, we further require that
K, contain the rightmost bounded I,, that is within ¢ times its length of the
previously added J, . Again, if this requirement does not extend K, any farther
rightward, we stop the construction. If not, we then add to K, the rightmost
J; which is within ¢ times its length of I,, and is at most as large as J, (see
Figure 7). If a next step is necessary, we consider gaps of S; which are no
larger than I,,, and so forth. We may have to continue this process infinitely
often, but if so we must converge to a right endpoint for Kj, since there is no
way this construction can extend past the rightmost point in S; U S;.

We define K, similarly, starting with the requirement that K; contain J,
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FIGURE 7. The construction of Kj

and extending K, to the left if necessary in the same way we constructed Kj .
Next, to construct K, we first require that it contain the largest original gap
(choose any one in the case of a tie) not contained in Ko U K; (if no such
gap exists, we leave K, undefined and let S be the complement of Ky UKj).
Then we extend it on both the left and right in the same manner as before,
but considering only gaps that are at most as large as the one we started with,
to obtain the endpoints of K,. We next start with the largest original gap not
contained in Ky U K, U K, , proceeding similarly to define K3, and so forth.
Any given original gap must eventually be contained in some K, because there
can be only finitely many original gaps that are as large or larger than the given
one. We do not yet know that the K, are disjoint from each other; this will
follow when we prove (3.1), though.

Let us now examine our construction more closely. Define /(I) and r(I) to
be respectively the left and right endpoints of an interval /. For a given K,,, let
Gy be the gap we started with in its construction, which for n > 2 must be the
largest original gap it contains (or at least tied for the largest). For simplicity we
assume here that G is a gap of S;. Consider the collection E of all J, with
[Tl <1Gol, r(Jn) > r(Go), and d(Gy, Ju) < t|J4|. We claim that the members
of E (if any) are increasing in size from left to right. If J,,, J, € E with
Jm to the left of J,, then since r(J,) < r(J,), it follows that d(Jn, Jn) <
d(Go, Jn) < t|Ju|. Since t < 15 and d(Jm, Jn) = Tamin(|Jp|, |Jn]), it must
then be the case that |J,| > |Jm|. Thus if E is not empty, it must have a
rightmost member, which we call G, (notice that G, is also the largest member
of E). If E is empty, we let G; be empty, but in order to facilitate future
formalism, we define |G| = 0 and r(G,) = r(Gp) . One must keep in mind this
degenerate case in verifying the assertions and formulas that follow.

We likewise define G, to be the rightmost gap of S; which is at most as
large as G and lies within ¢ times its length of G ; again if no such gap exists
with r(G,) > r(G;) we say that |G,| =0 and r(G,) = r(G;). Next, to define
G3 we consider only gaps of S, which are at most as large as G, for G4 we
look only at gaps of S; no larger than G,, and so forth. Define G_;, G_,, ...
similarly to be the leftmost (and largest) gaps added to K, at each stage of the
process of extending K, leftward. Then we may think of the open interval K,
as being defined by

I(Ky) = ml—i}Poo I(Gm), r(K,)= ”}1_120 r(Gm).

Each limit exists because it is the limit of a bounded monotonic sequence.

In the above construction, the even-numbered G,, are gaps of S; and the
odd-numbered ones are gaps of S, but if Gy had been a gap of S, it would be
the other way around. In any case, Gy is the largest even-numbered G,, and
either G; or G_; is the largest odd-numbered one. Also, the even-numbered
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G, decrease monotonically in size as one moves either rightward or leftward
from the largest, and the same statement holds for the odd-numbered G,,. We
call a given G,, either a “l-gap” or “2-gap” of K, according to whether it
is a gap of S; or S,. Notice that not all original gaps contained in K, are
1-gaps or 2-gaps, only those that have been given a label G,, in the construc-
tion of K,,. When we refer henceforth to left-to-right ordering or adjacency
among the 1-gaps and 2-gaps of a given K, , it is with respect to the order-
ing ...,G_2,G_y, Gy, Gy, Gz, .... (Thus, for instance, 1-gaps can only be
adjacent to 2-gaps and vice versa.)

The following lemma will be used in bounding both the numerator and de-
nominator of the left side of (3.1). It establishes for all m > 0 a bound on how
far K, can extend to the right of G,, in terms of how far G,,,; extends past
Gp, , and similarly for m <0 on the left.

Lemma 4. Assume t < (117, — 1)/(t1 + 12+ 2). Let
o (m=nm+D
T 0m - - (1402

and
(2 -9+ 1)

(ti=0(t2 =)= (1+1)2°
Let G be a l-gap of K, which is at least as large as all 1-gaps of K, to its right.
Let H be the next 2-gap of K, to the right of G. Then

r(Kn) — r(G) < o2(r(H) — r(G)).
The same statement with “1” and “2” interchanged holds, as do the corresponding
results for left endpoints.

Proof. Let I be the next 1-gap of K, to the right of H. Then since |I| < |G|,
ull|<d(G, 1) <d(H, I)+r(H) - r(G) < t|I| + r(H) - r(G),
which, because ¢ < 7, implies that

1l <

gy =

r(H) —r(G)
T —t )
Hence |
(32 )= <U+dH, DS 1 +00) <
-
Likewise the next rightward 2-gap of K, extends at most

2L (r) - ria)

(r(H) = r(G)).

beyond 7, and by induction
r(Ky) —r(G)=r(H)-r(G)+r(I)—r(H)+---
1+1¢ 1+t 1+¢
< el _
< (1435 e L) () - (G
= 0y(r(H) — r(G)).
The geometric series converges, and the denominator of g, is positive, because
of our assumption that ¢ < (ty7, - 1)/(t; +172+2). O

The next lemma builds on Lemma 4 to obtain a positive lower bound on the
distance between a given K,, and K, , provided we can find a 1-gap of K, and
a 2-gap of K, which are respectively larger than all 1-gaps and 2-gaps between
them. The proof is difficult and will be handled later.
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FIGURE 8. Cases in the proof of (3.1)

Lemma 5. There exists a function y,(t,, T2) that is positive whenever (1,, 13)
is in region C and t is sufficiently small, and for which the following statement
holds. For m # n, let G be a 1-gap of K,, and H be a 2-gap of K,,. If all
1-gaps of K,, or K, with at least one endpoint between the closures of G and
H are bounded and at most as large as G, and all similarly situated 2-gaps are
bounded and at most as large as H, then

d(Kn ) Km) > Wt(Tl > TZ)d(G, H)'

Recall that to construct Ky and K, we chose I, and J, to satisfy the above
hypotheses. Thus we now know that Ky and K, are disjoint and separated by
a positive distance (which is at least y,(7,, 7;) times the distance between I,
and J,).

Now suppose 0 < n < m and m > 2; we will prove (3.1) by findinga G and
H which satisfy the hypotheses of Lemma 5. Assume without loss of generality
that K,, lies to the left of K,,. Let I be the largest original gap in K, ; say /
is a 1-gap. If all 1-gaps of K, are smaller than I (Case 1 of Figure 8), let H
be the largest original gap in K,,. Since m > n, K, was constructed before
K, , so H must be at least as large as I, and thus is a 2-gap. Let G = I; then
G and H satisfy the hypotheses of Lemma 5. Also, d(G, H) > t|G|, since
otherwise G would have been included in the construction of K, . If on the
other hand there are 1-gaps of K, which are at least as large as 7 (Cases 2 and
3 of Figure 8), let J be the closest such gap to I. Consider all 2-gaps of K,
or K, to the left of J;let K be the largest such 2-gap (any one will do in case
of a tie). Notice that K must be adjacent to I or J. If K isin K, (Case
2),let G=1I and H =K ;then G and H satisfy the hypotheses of Lemma 5,
and d(G, H) > t|G| because G was not included in K, . Otherwise (Case 3),
let G = K and reverse the indices “1” and “2” (so that G is a 1-gap). If the
1-gap in K, next to J on its right is at least as large as G, then let H = J ;
otherwise let H be the 2-gap in K, on the left of the leftmost 1-gap in K,
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which is at least as large as G, or let H be the largest 2-gap in K, if there is no
l-gap in K, as large as G. Then once again, G and H satisfy the hypotheses
of Lemma 5 and d(G, H) > t|G|. Notice also that in all cases, G is the largest
l-gap of K,,, and H is at least as large as all 2-gaps of K,,.

We now estimate how large K,, can be. Let I and J be the 2-gaps of K,
adjacent to G on its left and right, respectively. Since I is at most as large as
H,

|| <d(I, H)<d(I, G)+|G|+d(G, H) < tlI| +|G| + d(G, H),

or in other words
1
(3.3) 1] < ;—_—I(IGI +d(G, H)).
2

The same bound holds also for J, so by Lemma 4,
|Km| = |G| + l(G) = l(Km) +r(Km) — r(G)
<Gl + 02([(G) = I(I)) + o2(r(J) — 1(G))
<Gl + a1+ 0)([1] + |J])

(”‘) G| + d(G, H))

< (jr2mzt(1+1))dG. 1)

_(m-0m-n+1+0Qn+1)
t((ri =) (ra—1) = (1 +1)?)
If on the other hand G is a 2-gap and H is a l-gap, we obtain the same

bound as (3.4), but with the indices “1” and “2” interchanged. Then in either
case,

(3.4) < |G|+ 20,

d(G, H).

11— 8)(12 — 1) + (1 + 1)?(2max(ty, 12) +

1)
t(ty =) (12— 1) = (1 +1)?) d(G, H).

|Km| < (

Finally, by Lemma 5,

d(Km, Kn) o (i =0)(2—1) - (1 + D) w11, T2)
| K| T (i —=t)(ra =)+ (1 +1)?2max(ty, 12)+ 1)~

The right side of (3.5) is positive as long as y;(7;, 72) > 0 and ¢ is between 0
and (7,72 —1)/(71 + 72 +2), and it goes to zero when ¢ approaches any of the
borderline values. Therefore the right side of (3.5) attains a maximum value,
call it ¢(t,, 72), at some allowable value of ¢, say ¢.. We thus carry out the
construction of S with ¢ = ¢, ; then (3.1) holds, and the proof is complete. O

(3.5)

Let (11, 12) = Y. (71, 72); then

Lt —t)(r—t) - (1+ L)H)y(11, 12)
(t1 — t)(12 — te) + (1 + t.)2(2 max(ty, T2) + 1)

p(t1, 12) =

Remark. We will see in the proof of Lemma 5 that (7, 7;), and hence
¢(11, 72) , must be very small when (7, 7;) is near the boundary of region
C . However, if both 7; and 7, are large and ¢ is small compared with the
two thicknesses, it is not hard to check that (7, 72) is close to one. Then
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FIGURE 9. The gaps G; and H;

if 7,, 73> 1, one finds that ¢, is of order /min(7;, 7,), whence ¢(t;, 72)

is of order y/min(7;, 7;) also. Thus when the thicknesses of S; and S, are

large, the lower bound we obtain on the thickness of S is reasonably large.
We now prove our main technical lemma.

Proof of Lemma 5. Let G be a 1-gap of K, and H be a 2-gap of K,, satisfying
the hypotheses. We assume without loss of generality that 7, > 7, ; then by (1.1)
the condition (7,, 72) € C implies

2
(3.6) 7> f(12) = 12"'3++1
7
and
21 +1)2
(3.7) 0> gla) = 23

1

If d(G, H) = 0, the inequality to be proven is trivial. Otherwise, let us nor-
malize d(G, H) to be one, and assume G lies to the left of H. Let Go =G
and Hy = H. Let G, be the 1-gap of K, adjacent to H, on its left, and let H,
be the 2-gap of K,, adjacent to Gy on its right. Let G, be the adjacent 1-gap
of K,, rightward from H;, and likewise define H,, G5, H3, ... (see Figure
9). For i >0 let
o { I(H;) = (Gi+1),  ieven,
" UL r(Giva) —r(H),  iodd,

and .

o { r(Hi1) —r(Gi),  ieven,

VUG - I(Hig), i odd.
Let R; =d(G;, H;); then Ry=1 and R;;; = max(R; - x; —y;,0) for i >0.
Let R, be the limit as i goes to infinity of R;. Then d(K,,, K,) = R , SO
we wish to show that there is a positive lower bound on R, which depends
onlyon 7;, 75, and ¢.

In the same way as we obtained (3.2) it follows that for all i,

1+¢
(3.8) Xit1 < e
and

1+¢
(3.9) Vi1 £ oo

Furthermore, by Lemma 4 we have that

Yi+ Xig1 +Yig2 + - S 02);
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and
Xi+Yir1 + Xig2 + -0 < 01X

Thus, for each i,
(3.10) Roo 2 Ri — Xi = yi ~ Xiy1 = Yig1 — -+ 2 Ri — o1x; — 02y .

We will show that for some i, the right side of (3.10) is positive.
Next let us obtain upper bounds on x; and yy. We know that

(3.11) X0 = I(Hp) = I(Gy) £ |G| +d(Gy, Hp) < (1+41)|Gi],
and by hypothesis |G| < |Gy|, so
(3.12)  xo = I(Hp) — r(Go) = (I(G1) = r(Go)) =1 -d(Go, G1) < 1 —11|Gy].

Eliminating |G;| from these inequalities yields

1+t
1 < .
(3.13) R g
Similarly,

1+¢
.14 L
(3.14) 'vo“cz+l+t

We can obtain similar bounds on x; and y; for i > 1, but the bounds are
complicated by the fact that we do not know in general that |G;,| < |G;| (or
|Hi+1| < |H;|). The analogues of (3.11) and (3.12) are thus

Xi < (1+0)|Giy1l

and
(315) Xi SRi—‘C] min(lG,-l, |Gi+||).
If |Gi+1] < |Gi], then as in (3.13) it follows that
1+¢
(316) X < -Tl_+—1—+—t- i
If |Giy1| > |Gi|, then by (3.15),
(3.17) x,‘SRi—‘tllG,'ISR,'—LX,'_l.

1+¢
If (3.16) fails, then using (3.17) together with the negation of (3.16), one finds
that x;_; is bounded above by the right side of (3.16). Thus regardless of the
relative lengths of G; and Gy,
1+1¢

T+ 1+t
for i > 1. Likewise, regardless of the relative lengths of H; and H,,,, we have
for all i > 1 that

(318) min(x,-xi_l) <

i

1+¢
T+ 1+t

Let a; = x;/R; and b; = y;/R; provided R; > 0; then

(3.19) min(y;, yi—1) <

i-

R,‘+1 = max(l —a; — bi . O)R, .
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Thus a;,, and b;,, are defined aslongas 1 —a;—b;>0. For j=1,2 let
1+1¢ 1+¢
i~ m ’ Hi= Tj—1! ’
The conditions (3.13), (3.14), (3.18), and (3.19) can then be written
ap < 4y, bo < 42,

. a;
min <ai+l , m) <,
] ]

. b;
min (bt+l , m) < /12 .
Also, conditions (3.8) and (3.9) become

(3.20)

(3.21)

and

aj+1 < /tl-l—_%
and
(3.22) biy1 < #2L .
1- a; — b,‘
Finally, our objective is to show that for some i,
(3.23) 1-0a;— O'2b,’ > 0,

which implies that the right side of (3.10) is positive.
We observe that a;,; and b;,; are defined at least as long as a; < 4; and
b; < 4, , because then

7173 — (1 4 1)?
(ti+t+1D)(12+t+1)
(n-D@m-0-(+? o
(t1+t+1)(12+2t+1)
(since t < (1172 —1)/(71 +72+2)). Also, as long as a; < A;, by (3.22) we have

l—a;i-b>1-A -4 =

, U2Ay

bl+1 S 1 '—Al — bl .
Let 1
_ M

h(b)_—_l—ll—b'

The equation h(b) = b has two solutions,

1—).1 + \/(1 —11)2—4#211
b = . :

and if the roots are real, then h(b) < b for b_ < b < b, (this can be verified
by checking the value b = (1 — 4,)/2). We claim that for ¢ sufficiently small,
by are real, with

(3.24) by >4,
and

(3.25) 1 — 1A — a2b_ > 0.
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Let us delay the verification of this claim until the end of the proof. Choose
b. > b_ with 1 —a1A; —a2b, >0. Now by < A < b,,and as long as a; < 4;
continues to hold, b, < h(b;) < b; for b; € (b—, by). Then eventually
b; < b., and furthermore since b — h(b) must have a positive minimum value
on [b., 4;] (if b. > A, then by < b, already) there is a maximum number N
(depending only on 7,, 7, and ¢) of iterations it can take before b; < b, .
We therefore have shown that if a; < A; for i < N, then b; < b, for some
I < N, and hence

(3.26) 1 -01a; —oyb; > 1 —01A1 —02b, >0.

If on the other hand a;,, > A; for some i < N, then let i be the smallest
index for which this occurs. We claim that then (3.23) holds for i. By the
results of the previous paragraph, b; < b;_; < --- < by < 4. Also, by (3.21),
a; < Ai(1 —a; — b;), or in other words

A

P <
a'_l+}»1

(1-5:).

Then

0'111 O'1).|
1—01a;, —ob; > 1 T+ 4 <az i +ﬂ»|) b;.

Now when ¢t =0,
ol _ (u+)n 7y(12 + 1)

%= 1+ B 71Ty — 1 B (‘Ex +2)(1172 — 1)
_t(tito = 1)+ 21112 4+ 215 50

(t1+2) (1172 - 1)

and thus for ¢ sufficiently small it remains positive. Then since b; < A, ,

l—o01a;—ayb; >1— 91 (a o1 )Az

— gy - 221
(327) 1+ 4 1 1—11
g
=l—0'2/12—(1—/12)1_:_/{l.
When ¢ =0, by (3.6)
(t1 + D1y 1t -2-1
l—0ydy=1- =
- L+ Dmn-1) (o+hmn-1)
B+3n+1-2-1 1,
(2 + (1112 =1 11— 1’
while
(1= 1) oA T2 Ti(t2+ 1) T 72

1+ 4 —1.'2+1 '(Tl+2)(1.'1‘l.'2—1) _11+2.T|‘Ez—1’

so the right side of (3.27) is positive for ¢ = 0. It therefore remains positive
for ¢ sufficiently small.

To summarize, we have shown that if ¢ is sufficiently small, then for some
I < N, either (3.26) or (3.27) holds. The right side of each of these equations is
positive and depends only on 7;, 7,,and ¢. Furthermore, a; < 4; and bj <
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for j <i,soby(3.20), Rj;1 > (1—A;—4;)R;, and hence R; > (1 -4, —4,)".
Then by (3.10),

R > Ri(1 — g1a; — 62b;) > (1 = Ay — 1)V (1 = a1a; — a2by)

where 1 — g,a; — g;b; is in turn bounded below by the lesser of the right sides
of (3.26) and (3.27). We have therefore shown for ¢ sufficiently small how to
obtain a positive lower bound on R, which depends only on 7;, 75, and ¢;
we let (71, 72) be this lower bound.

It remains for us to verify (3.24) and (3.25). We again show they are true for
t = 0, whence they hold for ¢ sufficiently small by continuity. When ¢t =0,

Ty/(zi+ 1) £ [T/ (11 + 1)2 = 4/((r1 + D)12)
= 2
71Ty £ /1213 — 4(1 + )12
- 2(t; + 1)1y

(3.28)

Now by (3.6),
13 — 411 + )12 = 11 (1173 — 41) — 41y
>1(td -1+ 1) - 4n
S (43t D)(E -n+1) - 47
3

(3.29)

_(B-1-1)?
D — :
Thus b are real and distinct (and the same must then hold for ¢ sufficiently
small). Next by (3.28),

T+ /13 — 412(1 /1y + 1/73)
T 275(1 + 1/1y)
from which we see that b, is increasing as a function of 7, . Thus b, is greater

than the value it would take on if (3.6) were an equality, which owing to (3.29)
means

(B+3n+ 1)/ +|t3—12-1]/1,
21213+ 31+ 1)/12
+3n+1-(3-12-1)
22+ 1)(212 + 1)
p— 1 —_—
- T2+ 1 -
Hence (3.24) holds for ¢ = 0, and consequently for ¢ sufficiently small.
When ¢ =0, (3.25) can be written
1 —0’11[ _ T%TZ —2‘[1 -1
o  (u+l)?n
The right side of (3.30) is an increasing function of 7,, and since

T — \/‘tf —4(t+1)/1,

b, >

Az

(3.30) b <

b_

2(1’1+1) ’
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b_ 1is a decreasing function of 7,. Then by (3.7),
7y = /1] = 4t}(r; + 1)/ @21y + 1)
2(t1+ 1)
0(2n+ 1) — |/ Qu+ 12— (2} +11)
2(11+ )27 + 1)
_ i3
(i + D27+ 1)°

b_<

while
=21 -1 _ 2t +1)2 /11— 211+ 1)
(11 + 1)?1, (t1 + 1)2(21y + 1)2/13
UQRu+1-1) 2

- (‘C] + 1)2(21'1 + 1) - (‘tl + 1)(2‘[1 + 1) )

Thus (3.25) holds for ¢ =0, and for ¢ sufficiently small. The proof of Lemma
5 is now complete. O

4. INTERSECTING THREE OR MORE CANTOR SETS

In proving Theorem 1, we chose a subset S of S; NS, in order to guarantee
positive thickness. In this section we demonstrate that positive thickness sets
are in some sense generic in S;N.S, . We also explain how Theorem 1 is useful in
finding conditions under which three or more Cantor sets must have a nonempty
intersection.

The set S we constructed in §3 need not be dense in S; NS, nor even in
the nonisolated points of S; NS, . However, there are subsets of S; N.S; with
thickness at least ¢(7,, 72) near any accumulation point. To see this, let {g,}
be a sequence of distinct points in S} NS, which converge to a point g . It is not
hard to show that within any neighborhood N of g there are compact subsets
Ty c S; and T, C S,, each of which contains all but finitely many g, , with
7(Ty) > ©(S)) and ©(73) > 7(S;). Notice that any two compact sets which
intersect in three or more points must be interleaved. Thus 77 and 7, are
interleaved, and by Theorem 1 their intersection contains a set with thickness
at least ¢(7;, 72). We conclude that arbitrarily near any nonisolated point of
S1 NS, there are subsets of S; N.S; which have thickness at least ¢(7,, 12).

In addition to showing that there are many subsets of S; NS, with positive
thickness, it is possible to obtain a lower bound on the diameter of the positive
thickness subset S of S; NS,. If the two sets S; and S, are interleaved in
such a way that neither is contained in the convex hull of the other, then by
the discussion following the statement of Lemma 5, the diameter of S is at
least w(t, 72) times the length of overlap between the convex hulls of S; and
S>. Since the thickness of S is at least ¢(7;, 72), we immediately have the
following result.

Corollary 6. Let S, and S, be two interleaved compact sets whose thicknesses
(t1, t2) lie in region C and for which the intersection Q of their convex hulls
contains neither Sy nor S,. If S5 is a compact set with largest bounded gap G
such that
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(1) the hull of S5 contains Q,
(ii) 1G] < (z1, w)IQl,
(i) 7(S3)e(T1, 12) 2 1,

then S| NS, N S3 is nonempty.

We note that if instead of condition (iii) we required the pair 7(S3) and
o(ty, 72) to liein C, then S; NS, NS3; would contain a set of thickness at
least ¢(7(S3), ¢(71, 72)). Thus one can inductively find thickness conditions
guaranteeing the nonempty intersection of any finite (or even countably infinite)
number of compact sets, although the analogue of the interleaving condition gets
more complicated.

If (t,, 12) is sufficiently far from the boundary of region C, then as dis-
cussed in the remark preceding the proof of Lemma 5 it is not hard to obtain
explicit lower bounds on ¢(7,, 73) and (7, 72). In particular, for 7, and 1,
large we found that ¢(7,, 7;) is at least of order /min(t;, 75), and y(7,, 72)
is approximately one.

We thank the referee for a thorough reading of our paper and many helpful
comments.
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